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In Lagrangian mechanics we must start with defining generalized coordinates.
Luckily, the generalized coordinates are given in the problem as x1, x5, and X.
Next we must find the kenetic energy and potential energy of the system. The
kinetic energy is simply the sum of the kinetic energies of each block.

1 1. - 1
T = 5ma512 + 5MX2 + §m3§22 (1)
Now we must find the potential energies due to the springs. The following

is the potential energy of the two springs:

1 1
U= 5K(X —x1)? + 5K(x2 - X)? (2)

Note that to find the total stretch / compression in the springs we have
to consider the displacement of both of the blocks attached to each spring.
Now that we have kinetic and potential energies in terms of the generalized
coordinates we may now write the Lagrangian:

1 1., 1 1 1
L= §mx'12 + 5MX2 + 5mgc'f - oK (X - r1)? — S K (@ = X)?2 (3

Now to recover the equations of motion for each block we will plug the
Lagrangian into the Euler-Lagrange equation for each generalized coordinate.
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If we add (4), (5), and (6) we obtain the following result:

may + MX +may =0 (7)

We note that (7) is the numerator of the acceleration of the center of motion.
Dividing by the total mass of the system gives the following:

may + MX + mds
M 4+ 2m

We see now that the acceleration of the center of mass is zero and thus the
center of mass must move with constant acceleration.

:aCM:() (8)
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The vectors of the normal modes can be thought of as representing the rela-
tive motion of the blocks with respect to each other. The last normal mode,
(1,=¢,1), then shows us if the first mass moves in the positive direction then
the third mass will move the same amount in the same direction and the second
mass will move in the opposite direction £ times the distance as the first mass.
Let’s assume that the first mass moves one meter and plug in the positions into
the center of mass equation:

m(1) + M(=§) +m(1)
M +2m
We can then solve (9) for £. Doing so gives the following:

Xom = =0 9)

2m
=
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Now we must find the frequencies at which each normal mode oscillates. Luckily
for us, only one normal mode requires computation. The other two can be
immediately obtained with logic.

The first normal mode, (1,1,1), has all of the blocks moving together. If
they all move together then the springs do not stretch or compress and so there
is no oscillation. Thus, w; = 0.

The second normal mode, (1,0, —1), has the two masses at the ends oscillat-
ing in opposite directions and the center mass stationary. If we look at either
end mass we can note that the set up is exactly the same as if the mass and

spring were attached to a wall. Thus, we = %

The last normal mode is not a trivial case, so we need to compute the
frequency. To do this we will start with (5). If simple harmonic motion is
achieved then the following must be true:



X = —wiX (11)
Plugging (11) into (5) gives the following equation:
~WAX +K(X —21)— K(z2 — X) =0 (12)

Now we will plug in the displacements of the blocks if 1 moves one meter
into (12) and solve for ws. Doing so gives the following:
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